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Abstract 

In this article we review the construction of local, relativistic quantum 
vector fields by analytic continuation of Euclidean vector fields obtained 
as solutions of covariant SPDEs. We revise the formulation of such SPDEs 
by introducing new Gaussian noise terms - a procedure which avoids the 
re-definition of the two point functions needed in previous approaches in 
order to obtain relativistic fields with nontrivial scattering. We describe 
the construction of asymptotic states and the scattering of the analytically 
continued solutions of these new SPDEs and we give precise conditions 
for nontrivial and well-defined scattering. 
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1 Introduction 



Since the work of Symanzik and Nelson |301 1311 BU| , the construction of local, 
relativistic quantum fields via analytic continuation from Euclidean random 
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fields has been the most vital and productive paradigm in constructive quan- 
tum field theory (QFT), see e.g. the by now classical expositions in [TBI 1ST) . 
This Euclidean strategy has been completed successfully in d = 2 space-time 
dimensions and partial results have been obtained for d = 3 ^TJ El • In the 
physical space-time dimension d = 4 however, the standard approach to the 
definition of local potentials via renormalization up to now is plagued by seem- 
ingly incurable ultra-violet divergences, and no construction of a non-trivial 
(interacting) quantum field is known within that approach. 

In a series of papers beginning with the mid-80ies [BJ Ej , a different ap- 
proach was suggested for d — 4 dimensions, where Euclidean random fields are 
being constructed as solutions of the quaternionic Cauchy-Riemann partial dif- 
ferential equation driven by a non Gaussian white noise. For the so-defined 
models, the analytic continuation to relativistic fields of self-interacting electro- 
magnetic type can be performed jjjj and the corresponding relativistic models 
have non-trivial scattering behavior 0] . The physical interpretation of the given 
fields, i.e. a solution of the Gauge problem in the sense of Gupta and Bleuler 
j^El (i- e - the identification of the physical Hilbert space), is still an unsolved 
problem and therefore these models can not yet be considered as yielding fully 
satisfactory 4-d relativistic quantum fields. We however note that one can verify 
the modified Wightman axioms for quantum fields with indefinite metric |29II39| 
and the asymptotic incoming and outgoing fields can be gauged as in usual free 
quantum electrodynamics. Furthermore, gauge invariance of the scattering (S-) 
matrix has been verified in 0]. 

In |12l 1191 l2T)j a generalization of this program was suggested by Becker, 
Gielerak and Lugiewicz and the equation DA — F was studied systematically 
in arbitrary space-time dimension, where D is a covariant partial differential 
operator with constant coefficients and F is a generalized (non-Gaussian) white 
noise vector field. Solution of this SPDE under suitable conditions on D were 
given in |T5], vacuum expectation values of the associated relativistic fields are 
given in El El 1201 and the scattering behavior has been calculated in . 

Here we review the construction of relativistic quantum vector fields with 
indefinite metric via solutions of DA = F. Most of the material in this arti- 
cle has ben taken from the above references, but we introduce some technical 
improvements in the construction of the vector noise F by adding new Gaus- 
sian noise terms (depending on D) which render obsolete the re-definition of 
relativistic two point functions in . This re-definition in was necessary to 
obtain a well-defined scattering behavior for a certain class of models, but it un- 
fortunately destroyed the direct connection of quantum fields with the random 
field models. We here demonstrate that a modification of the SPDE can do the 
same job and the relativistic and Euclidean side remain directly connected. 

The article contains the following materials: In Section 2 we introduce the 
generalized vector noise fields, we discuss covariance properties of the operator 
D and we set up and solve a modified SPDE DA = F + F 9 . We calculate 
two- and n-point Schwinger functions (moments) of the random field A and 
we show that under suitable conditions on D the two point function of A is a 
superposition of two point functions of free Euclidean vector fields. Section 3 
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deals with the analytic continuation of the Schwinger functions to relativistic 
Wightman functions. Section 4 is devoted to the construction of quantum fields 
with indefinite metric s.t. the Wightman functions constructed in Section 3 
are the vacuum expectation values of these fields. Scattering of the relativistic 
fields is being discussed in section 5: Under given conditions on D ("no dipolc 
condition" , cf. 18 for a physical interpretation), we construct asymptotic states 
and explicitly calculate the scattering (S-) matrix of the models following p^. 

2 Construction of Euclidean random fields via 
(modified) covariant SPDEs 

Let d be the space-time dimension, we then identify the Euclidean space-time 
with M d . Let r : SO(rf) — > G1(L) be a L-dimensional (not necessarily irre- 
ducible) real representation of the orthogonal group. Since SO(d) is compact, 
we may assume without loss of generality that r : SO(d) — > SO(L). We want to 
study covariant noise vector fields over M d , which are defined as follows: 

A (tempered) random vector field of dimension L over lR d is a mapping <p 
from the space of 5? L -valued Schwarz test functions S — S(M d , 1R L ) to the 
real valued random variables of some probability space (fl,B,P) such that 1) 
4> is linear P a.s. and 2) /„ — > / in S => (f>(f n ) — > 4>{f) in probability law. <f) 
by definition transforms covariantly under r if 4>(f) = <fi(f g ) in probability law 
V/ G S where g G SO(d) and f g (x) — r(g)f(g~ 1 x). Furthermore, </> is called 
translation invariant or stationary if 4>(f a ) — 4>{f) in law V/ G S where a G IR d 
and f a (x) = f(x - a). 

Definition 2.1 A r-covariant noise field is an L- dimensional random vector 
field over lR d which transforms covariantly under t, is stationary and is inde- 
pendent when localized in non intersecting regions (i.e. 4>(f) is independent of 
<f){h) if supp/ (~1 supp/i = 

A characteristic functional is a mapping C : S — > <S fulfilling 1) C is con- 
tinuous, 2) C is positive definite and 3) C is normalized C(0) = 1. By Minlos' 
theorem [23 EH1 there is a one-to-one (up to equivalence in law) correspon- 
dence between (L-dimensional) random fields (f> and characteristic functionals 
Cd, given by C$(f) = E[e^\. Furthermore, <p can be realized as coordinate 
process on the measurable space (S',B), with S' the topological dual space of 
5 and B the Borel sigma algebra on S' . Explicitly, given a random vector field 
<p there exists a unique probability measure P^ on this measurable space such 
that 4>(f) = {., f) V/ G S in law where (., .) is the dualization of S' and S. Thus 
the path space of <fi is always contained in the space of tempered distributions. 

As a simple consequence of Minlos' theorem we get that F is a r-covariant 
noise if and only if the associated characteristic functional Cf fulfills Cp(fg) = 
C F (fa) = C F (/)V/ G S, g G SO(d),a G R d and C F (f + h) = C F (J)C F (h)Vf, h G 
S s.t. supp/flsuppft. = 0. To construct noise fields, it is thus sufficient to define 
a characteristic functional with the above properties. 
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Let ip be a C°° Levy characteristic over 1R L , i.e. 

^(t) = to • t - + / [e lt ' s - 1] dM(s) (1) 

2 Jr l -{q} 

where i, a G IR L ,a G MatLxL(R-) is symmetric and positive semi definite and 
the Levy measure M is a measure on M L — {0} s.t. M has moments of all orders. 
ip is uniquely determined by a (deterministic part), a (Gaussian part) and M 
(Poisson part). We say that i\) is r-invariant if i\j{r{g)f) = ip(t)Vg G SO(_ZR d ), t G 
1R L . Obviously, this is the case if and only if r(g)a = a, a 1 commutes with r(g) 
and r(g)*M = M Vg G SO(d). 

Proposition 2.2 Lettp be a C°° and T-invariant Levy characteristic. Then (i) 



CfU) = exp 



V>(/) 



/ e s (2) 



is a characteristic functional. The associated random vector field F is a r- 
covariant noise field. 

(ii) Let A be the Laplacian on lR d , p : 1R — > M be a polynomial which is positive 
semi-definite on [0, oo) and a 1 = — ( j^ |t=o) • 2%en 



Cfs (/) = exp 



IR 

defines a Gaussian r-covariant noise field. 



f af-ap(-A)fdx 

JR d 



feS (3) 



Proof, (i) Continuity of Cf follows from ip being C°°, normalization is a con- 
sequence of "0(0) — and positive definiteness can be derived from the fact that 
ip is a conditionally positive definite 1 function in t and thus J Rd ip(f) dx is con- 
ditionally positive definite in /. But the exponential of a conditionally positive 
definite function is positive definite by Schoenberg's theorem r-invariance 
of Cf follows from the r-invariance of ip and the invariance of the Lebesgue 
measure under orthogonal transformations. Likewise, invariance of Cf under 
translations follows from translation invariance of dx. That Cf(/ + h) factors 
for supp/ l~l supp/i = is implied by "0(0) = 0. 

(ii) The proof that Cpa is the characteristic functional of a Gaussian ran- 
dom field is standard (we note that a by definition is positive semi-definite and 
commutes with the positive operator p(— A).) Invariance follows from the fact 
that a 1 commutes with r(g) and p(— A) is invariant under orthogonal transfor- 
mations. Translation invariance follows as in (i). That Cfs(/ + h) factors if 
supp/ n supp/i = is a consequence of 



/ af ■ ap(-A)hdx = 

JR d 



- h) z lH ^ if S"=l z i = °> *i e mL > z j e <P, j = l,...,n;n e W 
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for /, h as above. ■ 

Let D : S — > S be a r-covariant partial differential operator with constant 
coefficients, i.e. Df g = {Df) g and Df a = (Df) a V/ £ S,j 6 SO(d),a £ -K d . 
Assuming that Dis continuously invertible, the following representation has been 
obtained ^2 for the Fourier transform of the Green's function of D: 

D~\k) = N QE{k) (4) 

with to; G C — (— oo,0], mj ^ m; for I ^ j and V\ G IN. Qfi(fc) is an i x L- 
matrix with polynomial entries of order < k — 2(y^,_ 1 Vi — 1) which fulfills the 
Euclidean transformation law ad r ( s )(Q£;(.g _1 fc)) = QE(k)Vg G SO(d). Without 
loss of generality we assume that Qe is prime w.r.t the factors (|fc| 2 + mf), 
i.e. that none of them divides all of the polynomial matrix elements of Qe and 
furthermore we impose a "positive mass spectrum" condition m; G (0, co) for 
l = l,...,N. 

Given this representation of D~ 1 (k) we define 

p(t)=p(t,D) (5) 



n 



N Ivi 
l=l m l 



and we note that p(t) > as t > 0. 

Let ip be a r-invariant Levy characteristic s.t. dip(t)/dtp\t=o = and D as 
above. We define F as in Proposition 12.21 (i) and F 9 as in Proposition 12.21 (ii) 
with p{t) = p(t,D) as in Equation |[5J, F 9 independent of F (in the stochstic 
sense) . We set up the crucial SPDE of this work as 

DA — F + F 9 (6) 

which can be solved pathwisely in S' since the random field F + F 9 by Minlos' 
theorem has paths in S' and D by our assumptions (and duality) is continuously 
invertible on that space. We get for the properties of A: 

Theorem 2.3 A obtained as the unique solution of |3J) in S' is a r-covariant 
random vector field. The Schwinger functions (moments) of A are given by 

[x\,...,x n ) = E[A ai (xi) ■ ■ ■ A an (x n )] 

where pv") j s the collection of all partitions of {1, . . . , n) into nonempty subsets. 
For n = 2 



S I, aia2 (x u x 2 ) 



Ui=i"n _;- 1 



N 

H(-A + mf)- Ul 



[xi - x 2 ) (8) 
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and for n > 3 



S„ 



N 
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n<-*- 



i=i 



(xj — x) dx (9) 



where 



with 



J n,ai ■ ■ -a, 



(10) 



(11) 



t=o 



dt f3l ■ ■ ■ dtp n 

and we applied the Einstein convention of summation and uppering /lowering 
of indices on IR L w.r.t. the invariant inner product ■. The Schwinger func- 
tions fulfill the requirements of T-covariance, translation invariance, symmetry, 
clustering and Hermiticity from the Osterw alder- Schrader axioms [ffiil Iffffi of 
Euclidean QFT. 

Proof. We give a short outline of the proof: r-covariance of A and stationarity 
can be deduced from the r- (and translation-)invariance of the characteristic 
functional Ca(/) = Cf(E)^ 1 /)Cfs(-D _1 /)• This property follows from the re- 
lated property for Cp and Cfs and r-covariance (translation invariance) of D. 
The characteristic functional Ca is given by the following explicit formula 



CaU) = exp 



/ i){D- x f)-aD- l f-ap{-^)D- l fdx 



feS (12) 



and we can calculate the Schwinger functions (or moments) of A by 

S n 



Sn.ai ■ ••a n (^1 •> 



H) n - 



SA ai (xi) ■ ■ -SA an (x n ) 
Using the linked cluster identity (see e.g. we get 

S n 



CaU) 



f=o 



S n ,ai—a n { x l > ■ ■ ■ ) x n) — ( *) 



SA 

a i (xi) • • • SA 



lnCU(/) 



(13) 



(14) 



By Eqs. Q-©,|J2Jl an( i on e derives Eq. JSJl and |[?JJ by explicit calcula- 



tions. 



The r-covariance / translation invariance properties of the Schwinger func- 
tions follow from the related properties of the random vector field A. Symmetry 
and Hermiticity are trivial (note that A is a real vector field). The cluster prop- 
erty can be verified from the fact that the Green's function 



N 

IE-* 

i=i 



(,;) 
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and its derivatives are of exponential decay as |x| — * oo, see |2| for a related 
situation. ■ 

Here we would like to point out that the difference between A as defined 
here and the corresponding fields defined in 5 is that in that reference 



^2a ly a 2 ( X l 



^)=Qf aia2 HV 2 ) 



N 



IK 

.1=1 



■A- 



-2vi 



X 2 



(15) 



and the effect of the Gaussian noise F 9 is to replace (115(1 by JHJ. As we shall 
see in the discussion of relativistic scattering theory below, this correction leads 
to a well-defined particle like asymptotics, for Ui = 1, 1 = 1, . . . , n, of the related 
relativistic quantum field models. Without this correction (or the somewhat ad 
hoc replacement in 0) the asymptotics would be dipole-like rather than particle 
like. Such effects now only occur when some of the vi are strictly larger than 
one, cf. [T%| . 

Condition 2.4 We say that the partial differential operator D fulfills the no di- 
pole condition, if in the representation ^j) we have V\ = \ for I = 1, . . . , N. We 
restrict from now on our models to fulfill this condition ( cf. llMj for the meaning 
of this condition). 



3 Analytic continuaton of the Schwinger func- 
tions 

In this section we discuss the analytic continuation of the truncated Schwinger 
functions S% to relativistic truncated Wightman functions W% . A solution to 
this problem can be obtained by representing S% as Fourier-Laplace transform, 
i.e. 

~ n 

Sl ai ... an (x u ...,x n ) = (27r)- d »/ 2 / expC^-k^+ih-xt) 

x Wl ai .,. an {k l ,...,k l )dk 1 ---dk n , (16) 

where x\ < . . . < x° and . a ( the Fourier transform of W%) is a tem- 

pered distribution which fulfills the spectral property, i.e. it has support in 
the cone {(fci, . . . , k n ) e M dn : qj = J2Li h G , j = 1, . . . ,n - 1}. Here, 
Vq stands for the closed backward lightcone (that we do not use the forward 
lightcone for the formulation of the spectral condition as done in some other 
references, is a matter of convention on the Fourier transform). Under this 
condition the above integral representation exists. From the general theory of 
quantum fields it follows that is the analytic continuation W% from points 
with purely relativistically real time to the Euclidean points of purely imaginary 
time. Furthermore, it follows from the symmetry and Euclidean covariance of 
the S% that W„ fulfills the requirements of Poincare covariance (w.r.t. the 
analytic continuation of the representation r) and locality, see e.g. |H2j . 
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Following an idea of > we expand the denominator of Eq. Q into partial 
fractions (we recall that we assume Condition H3J to hold) 



l\U\2 ± m 21 ( 17 ) 



n,=i(l*l a +mf) ^(\k\ 2 + m 2 ) 

with bi 6 1R uniquely determined and bi ^ 0. Thus, D~ 1 (x) can be represented 
as QE{~id/dx) J2iLi bi{—A + m 2 )^ 1 (x) and for n > 3 

iv 



/l,...,i„=l 

n „ n 

IK/ nC-A + m?)- 1 ^-^)^ (18) 



X 

r=l 17 j=l 



Setting 

TT(-A + mf)- l {xj - x) dx (19) 



we note that a Fourier-Laplace representation (|16[) of S^ mi mn (x±, . . . , x n ) has 
been calculated in [2] Proposition 7.8. W£ m ... m (A»i, . . . , fc n ) is given by 

!n j — 1 ( T\ n 1 n 

EIlt,wS II MS>) ( 2 °) 
j=i 1=1 " J ;=j+i J ;=i 

Here <5„(fc) = 9(±k°)S(k 2 — m 2 ) where 9 is the Heaviside step function and 
k 2 = k° 2 — |fc| 2 . Furthermore, let 

Q™((kl h), . . . , (k° n , k n )) = Ql (K, h), (ik° n , k n )). (21) 

We then define 

(1 M (hi kn) N 

W£ aia2 (h , k 2 ) = (2*)(*«> ^fS^l 2j 53 foi 5 - ; + fc 2 ) (22) 

IL=i™i i= i 

and 

^n,ai--a n (^1) • • • > ^ra) = Qn,ct x — a n (^1 ) • • • > ^n) 

JV n 

Jl,...,J„=l3=l 

and we can now put together these pieces in the following theorem: 
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Theorem 3.1 The truncated Schwinger functions S T have a Fourier- Laplace 
representation with defined in Eqs. i22p and \2&(l . Equivalently, S% 
is the analytic continuation of from purely real relativistic time to purely 
imaginary Euclidean time. The truncated Wightman functions W% fulfill the 
requirements of temperedness, relativistic covariance w.r.t. the representation 
of the orthochronous, proper Lorentz group f : L^_(d) — > G1(L) , locality, spectral 
property and cluster property. Here f is obtained by analytic continuation of r 
to a representation of the proper complex Lorentz group over <V d (which contains 
SO(d) as a real submanifold) and restriction of this representation to the real 
orthochronous proper Lorentz group. 

Proof. That S T has a Fourier-Laplace representation with W% defined as above 
for the case n > 3 follows from the related representation for S^ mi m , the 
linearity of the Fourier-Laplace transform and the general formula for differen- 
tiation of a Fourier-Laplace transform. That W£ is tempered can be derived as 
in [3] or £Q . The formula for n = 2 can be derived as in the case of the two-point 
function of the free field. The properties of now follow from the general 
formalism of analytic continuation, |32| ■ 

4 Quantum fields with indefinite metric 

In this section we show that the Wightman functions constructed in Theorem l3.ll 
can be considered as vacuum expectation values of some quantum field theory 
(QFT) with indefinite metric 

We first introduce the concept of a QFT with indefinite metric: Let Tt 
be a (separable) Hilbert space and T> C TC a dense domain. Let r\ be a self- 
adjoint operator on H s.t. n 2 = 1. n is called the metric operator. We define 
O v (V) as the unital, involutive algebra of (unbounded) Hilbert space operators 
A : V -» V s.t. AH = r)A*n\ v : V -> V exists. Here A* stands for the Hilbert 
space adjoint of (A,T>). The canonical topology on 0^(1?) is induced by the 
seminorms A — > |(*i, 77^*2) |, *i,*2 G 2?- 

We say that a sequence of Wightman functions {W„}„ 6 jv i W n S S' n (where 
<S n = <S® n and ' stands for the topological dual - in contrast to the previous 
sections test functions and distributions from now on are complex valued ) 
fulfills the Hilbert space structure condition (HSSC) if on S n there is a Hilbert 
seminorm p n s.t. 

\W j+ i(f®h)\< Pj (f) Pl (h) V/ eS s ,heSi,l,j eJV. (24) 

We note that the HSSC for {W n }n£JV is implied by the existence of a Schwartz 
norm ||.|| on S s.t. W% £ S' n is a continuous distribution w.r.t. ||.||®" on S n 
(since S is a nuclear space, the tensor product of norms is well-defined) |31 124| . 

Theorem 4.1 Let {Wn}n£N be a sequence of Wightman functions which ful- 
fill the requirements of temperedness, f -covariance, spectrality, locality and Her- 
miticity. Lf furthermore the HSSC \24\ ) holds, then there exists an algebra 0^ (2?) 
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acting on a separable Hilbert space Ti. with a distinguished normalized vector 
£ W, if&o = ^0> ('vacuum'), an operator valued distribution (f> : S 9 / — > 
4>(f) S 0,(23) and a n-unitary continuous representation of the orthochronous, 
proper Poincare group U : P^(rf) -> 0,(23) (OJW = IT 1 ; sucft too* 
(%) 23 is generated by repeated application of operators <j>(f), f € S on ^>q, ^ is 
invariant under the representation U of P^_ and U fulfills the spectral condition 
Jftdiv^ii U(a)\E r 2)e ip ' a da = i/p is noi in the forward lightcone (here ■ is the 
Minkowski inner product); 

(ii) <p is Hermitean </>^(f) — 4>{f*) where f* is the (component wise) complex 
conjugation of f ; <fr is local (4>{f) and <p(h) commute on 23 if the support of f and 
h are space-like separated: (x — y) 2 < for x £ supp/, y G supp/ij; transforms 
T-covariantly (U (<?)(£(/) Ufo" 1 ) = Y 9 G P*. with f g (x) = f{g)f{g- l x)); 

(in) W n {h ® ■ ■ • ® /„) = (* , 0Cfi) • ' ' 0(/n)*o) Vn eJV,/,e 5. 

For the proof, a kind of GNS-construction on an inner product space is per- 
formed, see e.g. EH1 EE! • It should be noted that the above assignment of 
a QFT with indefinite metric to a sequence of Wightman functions in general 
depends on the Hilbert seminorms p n in l|24|l and therefore is not 'intrinsic' for 
the sequence of Wightman functions. For an example see |10| . 

Concerning our models in Theorem 13. II we now get: 



Theorem 4.2 The Wightman functions defined in Section 3 fulfill the HSSC 
{2$ . In particular, there exists a QFT with indefinite metric (cf. Theorem ^. 1\ 
s.t. the Wightman functions are given as the vacuum expectation values of that 
QFT. 

Proof. By Theorem 14. II the Wightman functions fulfill all the requirements of 
Theorem l4.ll except for the HSSC. That also the HSSC holds, can be seen most 
easily by verifying a uniform continuity property w.r.t. for the truncated 

Wightman functions W% , as explained above. Here |.|| is some Schwartz norm 
on S. It has been verified in ^ 0] that there is such a uniform continuity for 
W£ m m and thus also the linear combinations of these distributions in (123)) 
have this property. But the Fourier transformed Wightman functions of our 
model are given by the multiplication of the described linear combination by a 
polynomial Q^(ki, . . . , k n ) and it is thus sufficient to verify that the degree of 
Q* f in any variable ki is bounded independently of n, since we then can replace 
the Schwartz norm ||.|| by the Schwartz norm ||(l+|fc| 2 y/ 2 .|| fori lax ger or equal 
to this uniform degree. That such a uniform bound of the degree in the ki exists 
is a straight forward consequence of the definitions (|l(Jfl and (I21f) . ■ 



' 2 P\{d) is the semidirect product of \-X_(d) with the translation group IR d . 
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On the construction of asymptotic states and 
the 5-matrix 



Here we describe the scattering behavior of the QFT models with indefinite 
metric constructed in Theorem 14.21 Since the standard axiomatic scattering 
theory [221 12HI 1851 IMj heavily relies on positivity of the Wightman functions, 
we can not apply these methods here. Let us therefore first consider the gen- 
eral problem of the construction of asymptotic states for quantum fields with 
indefinite metric following [Tlll7j: 

Let iS ext = 5 (g) C 3 be the " extended test function space" . We want to 
construct an (in general non-local) " extended quantum field" $ : iS cxt — > 0^ (£>) , 
where the three components of $ can be interpreted as the incoming- local- and 
outgoing field $ = (<fi m , <fi, 4> ont ), using the GNS-like construction of Therorem 
IP We define J(/ in , / loc , / out ) = f in + f loc + / out and furthermore jWWout . 
S — ► 5 cxt as the injection in the first /second/third component. Let the mass 
content of the theory be given by the masses mi, . . . , tojv > 0, which in our case 
are determined by the representation of the partial differential operator D. 
Let tp e Cq?(M, M) with support in (— e, e) such that < e < min{m^, \mf — 
m 2 \,l,j = 1, . . . , N, I ^ j}. We define x ± (fc, m) = 9(±k°)<p(k 2 — m 2 ) and we set 



Xt(a,k) 



for a = in 
for a = loc 
for a — out 
(25) 

Here w ; = (\k\ 2 + m 2 ) 1 ' 2 . We now define fi t S ext -> S and fi in / out : S -> S by 



Xt(fc,m) 

tv: xi :f= I o xt(Moc) o 

Xt(*,out) 



(26) 



ant fit = J o fi° xt , fi in /°u* = fi t o Jta/out^ Here T (jr) denotes the (inverse) 
Fourier transform. For /; G 5 ext we set 



Fn(h 



fn) = 



lim 

;tn— » 



w n (tkji® ■••®n tB / n ) 



(27) 



provided that the limit exists and -F„ is in 5° xt = (5 ext ®«)'. Here the limit 
t%,...,t n — > +oo has to be understood in the sense that first one ti goes to 
infinity, then the next etc. and that the limit does not depend on the cho- 
sen order. If F n exists for any n then the sequence {-FnjneiVo is called the 
form factor functional . Heuristically, {F n } n£ ]N contains the 'mixed' vacuum 
expectation values of in- loc- and out-fields. If the form factor functional ful- 
fills the HSSC, then one can construct in-, loc- and out-fields acting on one 
Hilbert space TL by applying the GNS-like construction of Theorem 14.11 in 
order to construct a "extended quantum field" <&. Given we then define 

^in/loc/out = $ Q jin/loc/out p main for ^ present section is ^at 
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this whole construction is possible for the models defined in Therorem 14.21 To 
formulate this, we require some more definitions: We set 

f -"r(<*m(A;) - S m (k)) for a =in 
A m (a, k) = < 1 /(fc 2 - m 2 ) for a =loc (28) 

[ i7r(<5+ (fc) — <5~ (fc)) for a =out 

and we define the Fourier-transformed truncated form factor functional asso- 
ciated to the Wightman functions W^ m m defined in Section 3 for n > 3 
ai =in/loc/out via 

pT(ai,..,a„)f. 7, \ 

r n,mi,...,m n ^l) • • • i "•n) 

!n j — 1 n ) n 

i=i i=i i=j+i j ;=i 

(29) 

and we finally define the truncated, Fourier transformed form factor functional 
for our models as F^ ai ' a2 ^ = W2 , ai,fl2 =in/loc/out and for n > 3 we set in 
analogy to Eq. 

pT( ai ,...,a n ) , s _ n M (u r s 

J n,ai"-o! n V 1 ' ' * * ' ™ y — ^&n,cKi ,...,tx n V 1 ' ■ ■ ■ > n / 

AT n 

x E II^^fcA (*!»•••'*») ( 3 °) 

h,...,l n =Xj=l 

We define {f n }„gjv to be the sequence of distributions associated with the 
truncated sequence {fj} n ew defined above. We get 

Theorem 5.1 Let {W n } n £]N a be the Wightman functions of the QFT-models 
defined in Theorem \4-^\ Then the associated form factor functional is given by 
{Fn}neiNo an d fulfills the HSSC. Thus, 

(i) There exists a QFT with indefinite metric (over S ) (H, n, ^S/q, U) ful- 
filling Hermiticity, spectrality and clustering s.t. the fields ln / loc / out — $ 
jm/iocout j n addition are r-covariant and local. 

(ii) The asymptotic fields m / out are given as a sum of independent free r-vector 
fields fields with masses mi, . . . , tun- 

(Hi) <f> — loc fulfills the LSZ asymptotic condition \27j w.r.t. m / out , i.e. 

lim <j)(n} t n/out f) = </) in/out (f) Vf eS (31) 

t — >+oc 

where the convergence is in n {T>). 

Proof. That W^ m± mn and F^ mi m fulfill Eq. (|2*7|l (here truncation plays 
no role, cf. Proposition 3.4 of pQ), can be seen as follows: The relation has been 
proven for a single mass m in £Q. The proof can be extended by a simple 
adaptation of notation for the case where mi, . . . , m„ are different masses and 
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the multipliers Xt(h> a ) depend on only one mass depending on I. Given this 
observation, let us consider our more complicated multipliers in Eq. J35J. If a 
factor x ± (fc,m;)e ± ^ fc ±Wi )* is multiplied with a factor 5^(/c), then the result 
is zero by the support properties of x^(k,mi) whenever j ^ I. Likewise, if a 
factor l/(kj — rrff) is being multiplied with such a factor, then this expression 
vanishes in the limit t — > oo by the Riemann-Lebesgue lemma |34| . We thus see 
that only those terms with the " right" masses count in Q25J) and this establishes 

the result for W£ miiiim and Fn,ml','.'.'.',m} i n>3. The case n — 2 is trivial. 

The statement that {F n } is the form factor functional associated to {W n } 
now follows from the fact that multiplication by Q^ 1 in energy-momentum space 
and the limit in (|27J) can be interchanged. 

That the so-defined form factor functional fulfills the HSSC can be proven 
in a similar way as in Theorem 14.21 cf. £Q. The remaining statements of the 
theorem then follow by the GNS-like construction as in Theorem l4.ll cf. PP for 
the details. ■ 

It should be remarked that the metric on the asymptotic Hilbert spaces 
T^m/out generated by repeated application of the fields <j) ln /° nt to the vacuum 
depends on the properties of C^ 1 '^ 2 , b\ and Qe and gauge principles for the 
asymptotic fields have to be developed depending on these quantities. For a 
single, scalar field (C > 0, b = 1, Qe = 1) these spaces carry a positive semi- 
definite metric yQ. 

Finally we want to show that the scattering of the fields in Theorem 15. II is 
non-trivial. Given the form factor functional, one can define the ^-matrix of 
the theory via 

Sr;n-r{fl ® • ' • <S> fr\ fr+1 ® ' ' ' ® fn) 
= FM^fl ® • • • ® j'Vr ® J° U Vr+l ® • • • (8 J° U Vn) 

= (0 in (/r)--^ in (/;)*o,0 out (/,- + i)---0 out (/n)*o) (32) 

where (., .) = (., n.) is the indefinite inner product on TL. 

Using the definitions (|28H - il30[) one can verify by an explicit calculation the 
following corollary: 

Corollary 5.2 The S-matrix of the models in Theorem \ 5.1\ is non-trivial (if 
tp(t) has a Poisson part). The Fourier transformed, truncated S-matrix is given 
by S^(k i; k 2 ) = W?(h,k 2 ) and 

^r;n—r,ai—a r ;a r +i—a n (&1> • • • > ^V! fcr+1 ; • • • > k n ) 

N n 

= ^(2 7 r)-(^- 2 )- 4 )/ 2 Q^,... iQ „(fc 1 ,...,^) U b h 

h,.„,l n =l j=l 

r n n 

x H^fa) II S m h (h)SC£ki) (33) 

j=l l=r+l 1=1 

for n > 3 where h®, . . . , k® < and fcj? +1 , . . . , fc„ > 0. 
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We remark that in- and out- fields are free fields and fulfill canonical com- 
mutation relations, the relations given in Corollary 15 . 21 suffice to determine the 
whole scattering matrix. 
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